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A coherent x-ray or gamma ray can be created from a dense electron beam propagating through
an intense laser undulator. It is analyzed by using the Landau damping theory which suits better
than the conventional linear analysis for the free electron laser, as the electron beam energy spread
is high. The analysis suggests that the currently available physical parameters would enable the
generation of the coherent gamma ray of up to 100 keV. The electron quantum diffraction suppresses
the FEL action, by which the maximum radiation energy to be generated is limited.
PACS numbers: 41.50.+h, 03.65.-w,52.25.Os
I. INTRODUCTION
A coherent x-ray or gamma ray source has relevance
with applications across various disciplines, including the
condensed matter physics, biological and medical sci-
ences [1–3]. The development of such a light source
is under increased attention, due to recent advances in
the inertial confinement fusion [4–6] and the free elec-
tron laser (FEL) [7–10]. In conventional FEL, an ultra-
relativistic electron beam interacts with the periodically
laid-out strong magnets (so-called the wiggler or the un-
dulator) and subsequently emits coherent photons [11].
While the FEL is feasible in its function, it is still not
considered to be practical as an advanced accelerator and
expensive magnets are required. There are attempts to
overcome such shortcoming, including the effort to re-
place the magnets by intense lasers [12, 13]. Currently
a laser of the visible wavelength with the intensity rang-
ing from 1019 W/cm2 to 1021 W/cm2 can be generated.
There exist schemes to generate an incoherent hard x-ray
or gamma ray [13, 14] using an intense laser, based on the
nonlinear Thomson scattering. However, the difficulties
in generating the coherent radiation still persist [12, 15].
In this paper, we study a scheme to generate an FEL-
like coherent hard x-ray or gamma ray, where a dense rel-
ativistic electron beams of the relativistic factor γ rang-
ing between 10 and 1000 and the electron density between
1018 and 1021 cm−3 propagates through an intense laser
undulator. While the high beam density would be an
advantage in generating a coherent ray, the high energy
beam spread would be disadvantageous [16–18]. We an-
alyze the gain of the FEL via such electron beams in
the framework of a Landau damping-like theory, which
is more appropriate when the beam energy spread is high,
compared to the linear analysis conventionally applied to
the FEL. Our analysis suggests that the gamma ray of
up to 100 keV would be achievable. As the wavelength of
the radiated laser gets shorter, the quantum diffraction
effect becomes of more concern as it suppresses the Lan-
dau instability [10]. The regime where the FEL scheme
becomes inappropriate due to this quantum effect is iden-
tified.
The rest of the paper is organized as follows. The
Landau damping theory of the FEL amplification for the
dense beams and the laser undulator is introduced (Sec.
II), and the electron quantum diffraction effect on the
FEL and its consequence is discussed (Sec. III). The
paper is concluded in Sec. IV.
II. LANDAU DAMPING THEORY
Consider an electron beam traveling in the positive z-
direction and an intense laser beam propagating in the
opposite direction. For simplicity, the laser is assumed
to be linearly polarized as E = E0 cos(k0z + ck0t)xˆ and
B = −E0 sin(k0z + ck0t)yˆ. The equation of motion for
an relativistic electron is
dγ(v)v
dt
= −e
[
E+
v
c
×B
]
, (1)
where γ−1 =
√
1− (v/c)2, and v = |v|. The first order
perturbed motion of an electron with the initial velocity
v = v0zˆ is described by
v(1)x = −2
Vx
γ0
sin(k0z + ck0t)
v(1)y = v
(1)
z = 0,
where γ−20 = 1 − (v0/c)
2 and Vx(E0, k0) = eE0/mck0.
Let us now consider a co-moving electromagnetic (E&M)
wave given by E = Eg sin(kgx − ckgt)xˆ and B =
Eg sin(kgx − ckgt)yˆ. The perturbed motion of the elec-
tron due to this E&M wave, ignoring the non-resonance
term, is given as
dv
(2)
z
dt
=
1
γ0(γ20(v0/c)
2 + 1)
eEg
m
v(1)x sin(kgx− ckgt). (2)
By considering only the resonance term,
dv
(2)
z
dt
= κ
eEg
me
sin(φ0 + (k0 + kg)z + (ck0 − ckg)t), (3)
2where φ0 is the initial phase, and
κ = κ(E0, k0, v0) =
1
γ20(γ
2
0(v0/c)
2 + 1)
Vx(E0, k0)
c
. (4)
Eq. (3) is the well-known pendulum equation for the
FEL [11], where the resonance condition is given as
kg = 2k0/(c− v0) ∝ 4γ
2
0k0. Assuming a uniform electron
distribution in the z-direction, we obtain the averaged
electron energy loss rate
m
2
γ30
dδ(v
(2)
z )2
dt
= γ30κ
2
eE2g
2m
×
(
−ω sin(αt)
α2
+ t cos(αt) +
ωt cos(αt)
α
)
, (5)
where ω = c(kg−k0) and α = (k0+kg)v0−ω. In large t,
the second and the third term on the right hand side of
Eq. (5) are averaged out, provided that the beam density
is spatially uniform. Equating the electron energy loss
rate to the growth rate of the E&M energy intensity,
ne
m
2
γ30
dδ(v
(2)
z )2
dt
=
d(E2g/4pi)
dt
= γi
E2g
4pi
, (6)
leads to the growth rate of a hard x-ray or gamma ray
due to the Landau instability
γi =
pi
2
γ0
κ2ω2bpe
q2
(
∂fe
∂v
)
ωg/q
ωg, (7)
where q = k0 + kg ∼= (4γ
2
0 + 1)k0, ωg is the frequency
of the radiated field, ω2bpe = 4pinbe
2/me is the Langmuir
frequency of the beam density, and fe is the electron
distribution function with the normalization condition∫
fedvz = 1. The growth rate given in Eq. (7) is more ap-
propriate than the conventional FEL linear analysis [11]
in the regime where δαt ∼= kgδvt ≫ 1, which is the case
for the electron beam with the high energy spread as we
consider. Denoting the laser duration by τ , the growth
factor is G = exp(γiτ) and the necessary condition for
the FEL is γiτ > 1.
Consider 1µm Nd:YAG laser of the intensity I. Let us
define I18 = I/(10
18W/cm2) and the energy spread of the
electron beam as δE/E = ζ. Then, in a crude approx-
imation, δv/c ∼= ζ/γ20 and (∂f/∂v)ω/q
∼= (1/c2)(γ40/ζ
2),
when γ0 ≫ 1, ω ∼= (4γ
2
0 − 1)ck0 and q
∼= (4γ20 +1)k0. As-
suming v0 ∼= c, κ can be estimated as κ
2 = (1/2.5γ40)I18
and Eq. (7) becomes
γiτ = 1.4× 10−2
n20I18
γ30ζ
2
ω0τ, (8)
where n20 = nb/(10
20cm−3). The condition γiτ > 1 re-
sults in the constraint between the laser intensity and the
electron beam energy (density and spread). For instance,
when γ0 = 10, the amplified E&M wave has the wave-
length of 2.5 nm which should satisfy (n20I18/ζ
2)ω0τ >
105. If the beam energy spread is 1 % (ζ = 0.01) and
τ = 10−12 sec, the beam parameters of n20 ∼= 0.1 and
I18 ∼= 1 are sufficient to satisfy γ
iτ > 1. For γ0 = 100,
where the radiation wavelength is 0.025 nm, the condi-
tion (γiτ > 1) might be still achieved by decreasing the
energy spread and increasing the laser intensity or laser
duration. When γ0 = 1000, it becomes very difficult
unless an extremely intense laser of a long duration is
available and the beam energy spread is extremely nar-
row.
III. QUANTUM DIFFRACTION AND THE
SUPPRESSION OF THE FEL
The wavelength of the wiggler λ0 in the conventional
FEL is of the order of cm. In the Lorentz frame where
the electrons are stationary, the wavelength λ0 is reduced
to be λm = λ0/γ0, which is still large enough for the
electron quantum diffraction to be negligible. However,
when λ0 = 1 µm, which is comparable to the wavelength
of the Nd:YAG laser, the electron quantum diffraction
effect becomes relevant. Previous study shows that the
quantum diffraction effect suppresses the Langmuir wave
damping [10]. In the following, a similar analysis given
in Ref. [10], for the FEL, is provided.
In this reference frame where the electron beam is
nearly stationary, the laser frequency would be shifted
up by ωm = 2γ0ω0 and the electric field would be in-
creased by Em = 2γ0E0, where ω0 (E0) is the laser fre-
quency (the electric field) in the laboratory frame and
ωm (Em) is in the moving frame. Let us re-interpret
the FEL mechanism in the moving frame. The laser of
ω = ωm and kz = −ωm/c would travel from the right to
the left and make the electrons oscillate, resulting in the
E&M wave of ω = ωm and km = ωm/c unstable. The
unstable wave, which is seen in the laboratory frame as
ωg = 2γ0ωm = 4γ
2
0ω0, gets amplified propagating from
the left to the right. The electrons act as the momentum
reservoir through which the laser would give away the
energy to the amplified wave [15].
For the quantum-mechanical analysis of the FEL ac-
tion, we write the Schroedinger equation in the moving
frame H0ψ = i(~∂ψ/∂t) as
H0 =
[
p2y + p
2
z
2me
+
(px − eAx/c)
2
2me
]
ψ, (9)
where px = i~∇x, py = i~∇y, pz = i~∇z, Ax =
(c/ωm)Em cos(kmz + ωmt), and km = 2γ0k0 (ωm =
2γ0ω0) is the laser wave vector (frequency). The solution
to the above equation is the Volkov state, which also can
be obtained from the full Dirac equation [19]. The elec-
tron quantum diffraction is relevant when the de Broglie
time scale of the electron kinetic energy is faster than the
time scale the FEL occurs, or ~k2m/me > 1/T , where the
T = τ/γ0 is the laser duration in the co-moving frame.
3For the YAG laser of λ0 = 1 µm, the condition is
γ0 > 54/T−12, (10)
where T
−12 = T/(10
−12 sec). Consider the FEL radia-
tion given as δAx = (c/ωm)δEm cos(kbz − ωmt), where
δEm is the electric field of the amplified E&M wave. The
full Hamiltonian is given as H = H0 +H1, where H1 is
H1 =
1
2me
[(
px −
eAx
c
)
eδAx
c
+
eδAx
c
(
px −
eAx
c
)]
.
(11)
The dominant term is the quiver term, as the laser is very
intense. H1 can be approximated as
H1 = −me
(
eEm
meωm
)(
eδEm
meωm
)
cos(2kmz), (12)
where H1 forms a pseudo-lattice. Quantum mechani-
cally, the FEL action could be described as electrons of
the initial momentum ~km absorb the momentum−2~km
from H1. Simultaneously, the laser photon of k = −km is
channeled to a photon of k = +km due to the momentum
conservation.
If the reflected light is strong enough and γ0 is large
enough as in Eq. (10), the distorted electron disper-
sion would suppress the Fermi’s golden rule, conse-
quently the FEL amplification. As was analyzed pre-
viously in Ref. [10], the band gap size is given as δωg ∼=
(me/~)(eEm/meωm)(eδEm/meωm). If δωgT > 1, the
electron momentum of the initial value kz = km would
oscillate between k and −k, instead of transitioning from
k to −k. This oscillation is detrimental to the FEL, as
the Landau damping, which is the energy channel for
the FEL, is suppressed. The condition that the band
gap would not entirely suppress the FEL is given as
δωg < 1/T . Noting that T = τ/γ0, it can be re-casted as
δvosc <
1
mvosc
γ0~
τ
, (13)
where δvosc = eδEm/meωm and vosc = eEm/meωm =
eE0/2meω0, using ωm = 2γ0ω0 and Em = 2γ0E0. On
the other hand, note that δvosc = eδEL/4meω0γ
2
0 from
the relationship (from the Lorentz transform), δEL =
2γ0δEm, where δEL is the electric field of the amplified
E&M wave in the laboratory frame. Eq. (13) in the lab-
oratory frame is given as
(δEL)
2
8pi
< IC =
γ60~
2
(2pi)2τ2
mω20
e2
1
I
, (14)
where I = E20/8pi is the laser intensity in the laboratory
frame. As the gamma ray gets amplified coherently, the
beating potential between the laser and the gamma ray
generates a pseudo-lattice. This pseudo-lattice, in turn,
suppresses the lasing via the electron quantum diffrac-
tion effect, limiting the maximum energy of the radiation
(Eq. (14)). For the laser satisfying γτ = 1 in Eq. (8), if
n20, ζ and ω0τ are fixed, IC in Eq. (14) is proportional
to γ30 . By noting that the duration of the radiation is
reduced by τg = τ/γ
2
0 , the possible maximum energy
that can be generated into the gamma ray (Icτg) is pro-
portional to γ0. This suggests that, for a given target
frequency, a higher γ0 and lower laser frequency is pre-
ferred to avoid the suppression of the lasing due to the
electron quantum diffraction.
For instance, consider γ0 = 100, I18 = 1, ζ = 0.001 and
τ
−12 = 1, and n20 = 1. Then, Eq. (7) is satisfied, and the
radiation wavelength would be 0.025 nm. From Eq. (14),
we obtain the maximum total energy radiated, Icτg, is
10−9 of the input laser energy, assuming the spot-size of
the electron beam and the laser are of the same order.
IV. CONCLUSION
The plausibility of a hard x-ray or gamma ray laser
scheme based upon a dense electron beam and an in-
tense laser wiggler is analyzed in the context of the Lan-
dau damping theory. With the currently available intense
electron beam from the wake field accelerator or the in-
teraction of an intense laser with the metal foil, a co-
herent hard x-ray or gamma ray of up to 100 keV could
be generated. As the wavelength of the radiation gets
smaller, the electron quantum diffraction effect becomes
important. Our focus is on the suppression of the Landau
damping due to the band gap. The electron diffraction
introduces a strong constraint on the maximum radiation
intensity achievable.
It is assumed that the Schroedinger equation (Eq. (9))
is valid. However, this is no longer the case for high
intensity I18 > 1, where our estimation should be modi-
fied accordingly. The full quantum relativistic prediction
of the electron quantum diffraction effect might be ad-
dressed through the band gap calculation based on the
solution of the Volkov state solution [19], which should
be addressed in the future research.
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